Even Dimensional Improper AfRne Spheres 



Marcos Craizer and Pedro de M. Rios 



Abstract. In this paper, we study even dimensional improper afSne 
spheres. The main emphasis is given in two classes of examples that 
generalize the 2-dimensional improper spheres. The generalization of 
the indefinite Blaschke metric case is related to the center-chord trans- 
formation of a pair of Lagrangian submanifolds, while the generalization 
of the definite case is related to special Kahler manifolds. Although most 
of the paper deals with these two classes, we also present some examples 
of improper afhne spheres that do not belong to them. 
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1. Introduction 

An immersion <j> : M™ whose Blashke normal vectors are pointing 

to a center is called an affine sphere. When the center is at infinity, i.e., the 
Blaschke normal vectors are parallel, the immersion is called an improper 
affine sphere. This class of manifolds is quite large and has been studied 
by various researchers ([8]). In this paper we shall study even dimensional 
improper affine spheres. 

We shall consider immersions 4> : M^" — > R-^" x R transversal to ^ = (0, 1). 
Denoting 0(r) = (x{r), f{r))^ we have that the derivative of x, Dx{r) is 
invertible, for any r G M . Denote the canonical symplectic form in R^" by lo 
and let c(r) be the symplectic gradient of /, i.e., 

Df{r)u^uj{Dx{r)u,c), ueTrM. (1.1) 
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Define the linear transformation A{r) of T^M by 

Dc(r) • A(r). (1.2) 

We sfiall sliow in tliis paper tliat (j) is an improper affine spliere if and only if 
the determinant of A{r) does not depend on r. When the linear transforma- 
tion A itself does not depend on r, we shall call the immersion homogeneous. 

The above considerations allow us to construct several examples of even di- 
mensional improper affine spheres. We shall start with a constant linear trans- 
formation A and then construct maps x and c satisfying equation (|1.2[) . Then 
we shall define / by equation to obtain the improper affine sphere. 

There are two distinguished examples of this construction that can be re- 
garded as natural generalizations of the 2-dimensional improper affine spheres. 
They are obtained by considering the linear transformations whose (2n) x (2n) 
matrices are fc„ and j„ given by 



-in 




in 


_ in 


; j2n = 


-in 



where i„ denotes the n x n identity matrix. The fc„ case is a generalization 
of the 2-dimensional improper affine spheres with indefinite metric ( 5 ) . The 
maps X and c are the centers and mid-chords of a pair of Lagrangian sub- 
manifolds. The jn case is a generalization of the improper affine spheres with 
definite metric ([B],[T],[5]). The improper affine spheres of type jn have al- 
ready been considered in connection with special Kahler manifolds ([3]), and 
they are sometimes called special improper, or parabolic, affine spheres. Along 
the paper, we shall prove many properties of these two classes of improper 
affine spheres, but also describe other examples of homogeneous improper 
affine spheres. 

In dimension 2, any improper affine sphere admits a reparameterization 
by homogeneous coordinates: In the indefinite metric case, one can obtain 
asymptotic coordinates while in the definite metric case one can reparame- 
terize the improper affine sphere with isothermal coordinates. Moreover, all 
examples discussed in this paper admit homogeneous reparameterizations. So 
we pose the following question: Are there any improper affine spheres that 
do not admit homogeneous reparameterizations? 

The paper is organized as follows: In section 2 we define the notion of ho- 
mogeneous coordinates. In section 3 we consider the main examples of the 
paper and prove some of its properties. In section 4 we describe some differ- 
ent examples. In section 5 we return to the main examples but looking at the 
corresponding Lagrangian immersion. 
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2. Even dimensional graph immersions 

Let u! be the canonical symplectic form in M^". Denoting x = (xi, .., X2n), we 
write 

n 

UJ = dXi A dXi+n- 

i=l 

So 

Uj{vi,V2) = v\ • J2„ ■ V2, 

for any vi, V2 column vectors of dimension 2n, where j2n is given by (jl.Sp . 
2.1. Graph connection and its dual 

Consider an immersion 4> ■ M^^^ — > M^" x K transversal to ^ = (0,1). For 
r e Af , write 

D^,x(b,Y ^M^xY) + h{X,Y)^, (2.1) 
for any X,Y eT^M. 

Lemma 2.1. V is a torsion free affine connection and h is a symmetric bilin- 
ear form. We call V the connection and h the metric of the graph immersion. 

Proof. Interchanging the roles of X and Y in (j2.ip and subtracting we obtain 
VxY -VyX - [X,Y] =0 

and 

h{X,Y) - h{Y,X) = 0. 

□ 

Denote (j) — {x, f) and let c be the symplectic gradient of f : M ^ M, i.e., 

Df{r)u = uj{Dx{r)u, c), u G T^M. (2.2) 

Write 

^TkTi ='^^^ik^rn (2-3) 
I 

Next lemma describes the metric and connection of the graph immersion in 
a basis {ei}]^<j<2n oiT^M. 

Lemma 2.2. Denote — Dx{r) ■ ei. We have that 

h{ei,ej) ^Uj{Crj,Xr,) ^Uj{Cr,,Xrj) (2.4) 

and 
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Proof. Since 
we obtain 

(t>rir, = {Xr.rj , l^(c, Xr,r, )) + (O, Uj{Cr^ , Xr, )) • (2.5) 

Now observe that the first parcel in the second member is tangent while the 
second parcel is a multiple of ^. Thus the lemma is proved. □ 

Assume that A'P" is simply connected and define g : M^" — R by 

Dg{r)u = uj{Dc{r)u, x), uG TrM. (2.6) 

Equation ()2.4p implies that g is well-defined. The immersion ?/'(r) — {c{r),g{r)) 
is called the dual immersion and the function g(c) is the Legendre transform 
of f{x). Denoting by V and h the connection and metric of the dual immer- 
sion, we have that h — h and 

Ve,e,=^rl^e,, (2.7) 
I 

where 



I 



Lemma 2.3. V is the h-dual metric ofV. In other words, the connection V 
of the metric h is given by 

. V + V 



-^h (ci, Cj) = h (Ve^e^, Cj) + h (cj, Ve^gj) . (2.9) 



Proof. We must prove that 
_d 
dru 

The first member of (|2.9p is equal to 

= w (x* (Ve^_ej) , c,ej) + a; (a;*ei,c* (Ve^e^)) , 
which is exactly the second member of (|2.9p . □ 

2.2. Improper affine spheres 

Denote by A(r) : T^^^ — 5" Ti-Af the invertible linear map satisfying the con- 
dition Dc{r) — Dx{r) ■ A{r) and let a — a{r) be the matrix of A in the 
canonical coordinates. We can write 

2n 

Cr, = ^^aiiXri. (2.10) 

1=1 

Let 

B{r) = Dx{r) ■ A{r) ■ Dx{ry^ (2.11) 
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and denote by 6 = b{r) the matrix of B in the canonical basis. 
The condition Cnrj — Cr^n can be written as 

2n 2n 



k=l k=l 

while the symmetry of the hessian matrix of / can be written as 

uj{Dx{r) ■ ui,Dx{r) ■ A ■ U2) ^ Lj{Dx{r) ■ U2,Dx{r) ■ A-ui), (2.13) 

for any r G M, ui,W2 G TrM. This is equivalent to 

uj{vi,B ■V2) =u!{v2,B -vi), (2.14) 

for any vi,V2 £ K^", which is the condition b E sp{2n), the Lie algebra of the 
symplectic group. 

Lemma 2.4. We have that 

det{h) = det{Dxf det{A). 

Proof. The symmetric matrix h has entries 

hij = uj{Dx{r) ■ Ci, Dx{r) ■ A ■ ej). 
Since B = Dx{r) ■ A ■ Dx{ry^ , we have that det(i3) = dct(A) and 

hij — Lo(Dx{r) ■ ei,B ■ Dx{r) ■ ej). 
In terms of matrices, h — Dx{ry ■ j2n • b ■ Dx{r). Hence 

det(/i) = det(i:)a;)2det(6), 
thus proving the lemma. □ 

Corollary 2.5. The metric h is non- degenerate if and only if A is invertible. 
Theorem 2.6. cj) is an improper affine sphere if and only ifdet{a) is constant. 

Proof. The immersion (f) is an improper affine sphere if and only if the metric 
volume in the tangent space is the same as the volume determined by ^ (see 
[10] ). The metric volume is ■\/det(/i), while the volume determined by ^ is 

det(0ri , 0r2„ 1 — det(a;ri , Xr2„) — det{Dx). 



Thus (p is an improper affine sphere if and only if det{h) — k det{Dx), for 
some constant k. Since 



v/det(/i) = det{Dx)^/det{a), 
the theorem is proved. □ 
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2.3. Improper affine spheres with homogeneous coordinates 

Denote by a'-' the entries of a~^, the inverse of a. Then 

2n 

Xrj =^^a'-'cr,. (2-15) 

Lemma 2.7. The following conditions are equivalent: 

1. The entries aij of the matrix a are constant. 

2. The dual connection is given by 

Proof. We have that 

^TiVj — ^ ^ ^Ij^rjri ^ ^^ (.^Ij^Ti-^ri ■ (2T6) 
I I 

Straightforward calculations show that the first parcel of the second member 
of (|2.16p is equal to 

t \ I k / 

Assume that (1) holds. Then the second parcel of the second member of 
(|2.16p is zero and thus 

I k 

This implies (2). On the other hand, if (2) holds then the second parcel of 
the second member of l|2.16p is zero, which implies (1). □ 

The image of a graph immersion (t>{M) is a 2n-dimensional manifold in R^"+-'^ 
and we can consider the immersion (p as coordinates in (f>{M). When the im- 
mersion satisfies the conditions of lemma [^771 we shall say that the coordinates 
(j) in (^{M) are homogeneous. The following corollary is immediate from the- 
orem [THl 

Corollary 2.8. An even dimensional homogeneous graph immersion is neces- 
sarily an improper affine sphere. 

It is well known that for n = 1 the reciprocal of the above corollary holds: Any 
2-dimensional improper afhne sphere admits homogeneous coordinates. More 
precisely, any 2-dimensional improper affine sphere with definite metric ad- 
mits isothermal coordinates while any improper affine sphere with indefinite 
metric admits asymptotic coordinates. We formulate as a question whether or 
not every improper afRne sphere admits a homogeneous reparameterization. 
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3. Two distinguished classes of improper afSne spheres 

In this section we shall describe in detail two classes of improper afhne 
spheres. The first one is obtained by taking x as the center and c as the 
mid-chord of a pair of points of a given pair of Lagrangian submanifolds 
iUl)- It is a natural generalization of the class of 2-dimensional improper 
affine spheres with indefinite metric. 

The second class is a natural generalization of the class of 2-dimensional 
improper affine spheres with definite metric. In |3] (see also [1]), it is proved 
that there is a one to one correspondence between improper affine spheres 
of this class, called special improper (parabolic) affine spheres, and special 
Kahler manifolds. 



3.1. Center-chord transform of a product of Lagrangian submanifolds 

Consider the following construction . Let a : Ui C M" — R^" and (3 : U2 C 
R" R^" denote Lagrangian submanifolds and assume Ui x U2 C R^" 
simply connected. Define the center x : Ui x U2 ^ R^" by 

xis,t) = l{ais)+m) 
and the half-chord c : Ui x U2 ^ R^" by 

c(s,i) = ^(/3(i)-«(s)), 

where s = (si, s„) £ Ui and t — (ti, i„) G U2- Observe that since a and 
/3 are Lagrangian, 

Uj{Xs,,Cs.) = Uj{xt,,Ct.) ^ 0. 

Moreover, 

uj{xsi,ct^) = uj{asi,l3t^) = uj{l3t.,-as,) = uj{xt^,Cs,), 
which implies in the existence of some function f : Ui x U2 ^ ^ satisfying 

fs, = ^{c,Xsi), fti = Uj{c,Xti), 

for any 1 < i < n. The function f{s,t) can be geometrically interpreted as 
the area of any 2-surface whose boundary is the chord /3{t) — a{s), one curve 
71 contained in the Lagrangian submanifold a, another curve 72 contained in 
the Lagrangian submanifold /3 and a fixed chord /3(io) ~ ct{so)- Observe that 
the Lagrangian condition for a and /3 implies that this area does not depend 
on the particular choice of 71 and 72 . 

One can easily verify that the immersion (j) — (a^, /) is a homogeneous graph 
immersion with matrix a given by 

, r -in 
z„ 

Thus (f> is an improper affine sphere. 
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Next we show that the condition a{r)^ = i2n impHes that the immersion ad- 
mits a homogeneous reparameterization. We begin with the following lemma: 

Lemma 3.1. a(r)^ = i2n if and only if a{r) is similar to k2n- 

Proof. It is clear that a(r) similar to kn implies a(r)^ = i2n- Assume now 
that a(r)^ = i2n- Then the eigenvalues of a(r) are ±1. Since (a(r) — id2n) • 
{a{r) + id2n) — 0, the minimal polynomial of a{r) contains only linear factors. 
Hence a(r), and from equation ()2.1ip also b{r), are diagonalizable. 

Since b{r) £ sp{2n), j2n ■ b — —6* • j2„. Take u an eigenvector associated 
with the eigenvalue —1. Then 6* • j2nU — j2nW and so j2nW is an eigenvector 
associated with the eigenvalue +1. We conclude that the dimensions of the 
— 1 and 1 eigenspaces are equal. Hence b{r), and thus also a(r), are similar 

to k2n- □ 

Proposition 3.2. Consider a graph immersion (j) : U C K^" M^"+^ such 
that the matrix a{r) satisfies a{r)'^ = i2n, for any r £ U. Then we can 
reparameterize (j) by a homogeneous graph immersion. 

Proof. By the above lemma, b{r) is similar to fc2n- Denote by Ei the — 1- 
eingenspace and by E2 the 1-eingenspace. Let tti : x{U) — > R^" be defined as 
TTi(x) = x + c{x). Then, for any vi € Ei, V2 £ E2, 

D'Ki{x)vi — vi + Dc(x)vi — 0; D'Ki(x)v = V2 + Dc{x)v2 — 2w2- 

Thus 01 has rank n at all points. Denoting a — ■ki{U), observe that the 
tangent space to a at tti {x) is exactly Ei . For vi,wi G Ei, 

a;(t;i, wi) = —uj{vi, knWi) — —uj{wi, fc„wi) = ^(wi, vi). 

Thus aj(wi,u'i) ~ and we conclude that a is Lagrangian. Now consider 
7r2 : x{U) M^" be defined as n2{x) = x ~ c{x). As above, 7r2 has rank 
n and the tangent space to /S — tt2{U) at tt2{x) equals E2. Moreover, /3 is 
Lagrangian. 

Let a : J7i C M" M^" and /3 : [/2 C M" R^" be parameterizations of a 
and p. If ni{x) = a{s) and n2{x) — I3{t), then 

x^\iais)+m); c(a;) = i - a(s)) . 

It is clear that the above defined map x : U1XU2 ^ R^" is a diffeomorphism 
and that ^{s,t) = (x(s, t), /(x(s, i))) is a homogeneous reparameterization 
of (/). □ 

Remark 3.3. In case n = 1, it is well-known that we can reparameterize any 
improper affine sphere with indefinite metric by asymptotic coordinates ([5]). 
This result can also be obtained as a corollary of proposition 13.21 In fact, an 
improper affine sphere C R^ R'^ with indefinite metric necessarily 

satisfies det(a)(r) — —1, for any r ^ U. Thus a must be equivalent to k2. Then 
proposition 13.21 implies then that we can reparameterize (j) by homogeneous 
coordinates (s,i), which in this case are called asymptotic. 
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3.2. Special improper afiine spheres 

Let U C M^" be simply connected and consider a map x -.U M^" satisfying 

Uj{Xsi,Xsj) = Ul{xt,,Xtj)\ U!{Xsi,Xt^) = -LLl{xti,Xs^) (3.1) 

and 

Xsis, +xt,tj = 0; Xs,tj = Xs^ti- (3.2) 
From equation p.2p , we can assure the existence of c : M'^" M'^" such that 

= Xs^, Cs, = -xt,. (3.3) 
Then equation (|3.ip says that there exists / : ?7 — ?> E satisfying 

fs^ ^ uj{c,Xsi); fu = ^^{c,xti). (3.4) 
It is clear that dc — j2n ■ dx. 

It is interesting to describe this construction in terms of the complex variables 
{z,z), z = s + it,'z = s — it. Let 

a{z,'z) = x{z,'z) + ic{z,z); /3{z,z)=x{z,z)~ic{z,z). (3-5) 

Then equation (|3.3p says that — /3z — and so a = a{z), /3 = /3{'z). 
Equation p.ip says that the submanifolds a and /3 are Lagrangian. Finally 

x{z,z) = i (a(2;) + /3{z)) ; c{z,z) = ^ (/3(z) - a(z)) . 

We conclude that this immersion has the same structure as the one con- 
structed in section 13. 1[ substituting the real variables (s, t) by the complex 
variables {z,z). 

Lemma 3.4. a(r)^ = —i2n if and only if a{r) is similar to j2„. 

Proof. Analogous to lemma 13.11 □ 

Proposition 3.5. Consider a graph immersion cf> : U C K^" — >■ such that 

the matrix a{r) is equivalent to jn, for any r G U . Then we can reparameterize 
<p by a homogeneous graph immersion. 

Proof. Analogous to proposition 13.21 using the complex variables (z, z). □ 

Remark 3.6. In case n = 1, it is well-known that we can reparameterize 
any improper affine sphere with definite metric by isothermal coordinates 
([6], [I], [9]). This result can also be obtained as a corollary of proposition [3751 
In fact, an improper affine sphere (j) : U C — > M'^ with definite metric 
necessarily satisfies det(a)(r) — 1, for any r gU. Thus a must be equivalent 
to j2- Then proposition 13.51 implies then that we can reparameterize (j) by 
homogeneous coordinates {s,t), which in this case are called isothermal. 
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3.3. Parallelism with respect to the metric connection 

Denote by K2n and J2n the linear maps of R^" whose matrices in the canon- 
ical basis are k2n and j2n, respectively. Observe that = l2n and J|„ — 
—l2n, where l2n denotes the identity map. We show in this section that, in 
these particular cases, the tensor A (equal to K2n or J2„) is parallel with 
respect to the metric connection V. 

Proposition 3.7. For A = K2n or A — J2„ we have that VA ~ 0. 
Proof. We have that 

{VxA)Y ^Vx{AY)-AVxY 
= \ (y x{AY) x{AY) - ASIxY - xY) 
= i (Vx(Ar) + A-^Vx{A^Y) - A^xY - ^ x{AY)) 

= i(A-iVx(A2r)-AVxy) 

If A? = — /, then A^^ ~ —A and thus this last expression vanishes. If Ai^ = /, 
then A^^ = A and this expression also vanishes. □ 



4. Other examples of homogeneous graph immersions 

In this section we construct homogeneous graph immersions distinct from 
that of section [31 From corollary 12. 8[ they are examples of improper afhne 
spheres. 

Given a constant (2n) x (2n) matrix a, we shall consider maps x : U C K^" — > 
R^", U simply connected, satisfying equations (|2.12l) and (|2.14l) . Equation 
((TT^ implies that there exists c : U ^ R^" such that Dc{r) = Dx{r) ■ A. 
Condition (|2.14p implies in the existence of / : J7 — > R whose symplectic 
gradient is c. It is easy to verify that the immersion 0(r) — (a;(r),/(r)) is 
homogeneous. 

Example 1. The easiest example is obtained by considering x — l2n and 
A G sp{2n). It is easy to verify that conditions ()2.12|) and (|2.14|) are satisfied. 
This example is related to quadratic hamiltonians ([2 , appendix 6). 

Example 2. If one considers the product of an improper affine sphere of type 
k2n with another of type j2m one obtains a new improper affine sphere. 

-10 0" 
-10 
10' 
1 1 



Example 3. Consider n — 2 and 

-1 
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Then choose a;(si, S2, ii, ^2) — ct{si,S2) + /3(ii,i2) such that a and /? are 
Lagrangian immersions and as-^si — Pt2t2 — 0- Foi' example, one can take 

a{s) = (siai(s2) + a2(s2),0) 

where ai, a2, P2 are arbitrary planar curves. The symplectic gradient c is 
given by 

c{si,S2,ti,t2) = -a{si,S2) - I ai{s2)ds2 + I3{ti,t2) + I I3i{ti)dti. 



5. Lagrangian immersions 

Let Q, be the symplectic form in R**" given by 

VL{{vi,Wi),{v2,W2)) ^Uj{vi,W2) -Uj{v2,Wi). 

To each immersion (j) ■ M^" x R, 0(r) — {x{r), f{r)), we can associate 

the r2-Lagrangian immersion L : M^" L{r) — {x{r), c{r)), where c is 

the symplectic gradient of /. Reciprocally, assuming M^" simply connected, 
if L — (x, c) is a f2-Lagrangian immersion, we can find / whose symplectic 
gradient is c, and / is defined up to a constant. 

In this section we shall study the Lagrangian immersions associated with the 
examples of section [31 

5.1. Lagrangian characterization of the improper afHne spheres of type fc„ 

Define the involution /C4„ : R^" R^" by 

IC4.n{vi,V2) = {V2,vi) 

and the symplectic form fi^ by 

Proposition 5.1. Consider a VL- Lagrangian immersion L and denote by V{r) 
the image of T^M by the linear map DL{r). The following statements are 
equivalent: 

1. V{r) is ilk- Lagrangian, for any r G M. 

2. V{r) is ICin-invariant, for any r £ M . 

3. There exists a homogeneous reparameterization of (j) — (a;, /) of type 

k2n- 

Proof. We start with (1) implies (2). Assume that Q,k{v,w) = for any 
w, w e y{f), and fix wo G V{r). Then 

VL{v + \lCinVQ,W + flK-inVo) = Af2fc(wo, v) - flflkivo,w) = 0. 

Thus span{V (r) , IC^nVo} is i^-Lagrangian and thus /C4„uo G ^if)- 
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Assuming that V{r) is /C4„-invariant, we have that, for any v,w & ^(j')j 
Thus (2) imphes (1). 

We shah now prove that (3) impUes (2). Take v = Dx{r) -u, w = Dx{r) ■ knU. 
Then 

/C4„(w, w) — {Dx{r) ■ knU, Dx{r) ■ u) — {Dx{r) ■ ui, Dxir) ■ fc„Mi) 
also befongs to V{r). 

Finally let us prove that (2) implies (3). Since V{r) is AI^4„-invariant, 

ICin{Dx{r) ■ u,Dx{r) ■ a{r)u) — {Dx{r) ■ a{r)u, Dx{r) ■ u) 

belong to V{r), for any u G TrM . Thus a(r)^ — i2n- Now proposition 13.21 
implies that the improper affine sphere admits a homogeneous reparameter- 
ization. □ 

5.2. Lagrangian characterization of the improper affine spheres of type j„ 

Consider the complex structure J4„ : M^" — ;> M*" by 

J4n{vi,V2) = (W2, -Vl) 

and the symplectic form flj by 

rtj (w, w) — Q {J^nV, w) . 

Proposition 5.2. Consider a VL- Lagrangian immersion L and denote by V{r) 
the image of TrM by the linear map DL{r). The following statements are 
equivalent: 

1. V{r) is flj -Lagrangian, for any r £ M. 

2. V{r) is Jin-invariant, for any r £ M . 

3. There exists a homogeneous reparameterization of (f> = (x, /) of type 

j2n- 

Proof. Similar to proposition 15. II □ 
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